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degree of convergence are also given.  © 1998 Academic Press

1. INTRODUCTION

0.1 G. Freud and P. Nevai began to develop a theory of weighted
approximation for weights on R (see [1, 2, 8, 9]).

In [3], Babin constructed and investigated solutions of differential equa-
tions with analytical coefficients using methods of approximation theory.
This leads to an idea of extending his results to wider types of infinitely
differentiable functions. By a result due to Babin [4], a polynomial
approximation u(x)=lim, _,  P,(A) f of the solution u(x) of the
differential equation Au(x)= f(x), where A4 is a semi-bounded, self-adjoint
operator, exists if and only if the coefficients of the operator are
quasianalytical.

We will consider in this paper differential operators with coefficients
which belong to Carleman classes of quasianalytical functions. We recall
fundamental definitions and notation (see also [3-5]).

Consider the set of sequences of positive numbers with the rate of growth
greater than or equal to (ck)* for some ¢>0. The sequences {a,} and
{b,} are said to be equivalent if there are ¢,, ¢,>0 such that, for some
number k,,

a, <(c,)f by, by <(c2)* ay, for k>k,.
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Let us consider a sequence {M(k)} satisfying, in addition, the following
condition: there exists a constant c,, such that
M(k) M(n) M(k+n)
<Cyuy .
k! n! (k+n)!

(0.1.1)

Given a sequence of the type defined above, let M denote its equivalence
class. Let Q be a closed bounded domain in R" with a smooth boundary
or Q=T%", the N-dimensional torus. We denote by C(M) the set of
infinitely differentiable functions on Q such that for any u(x) e C(M) there
exist numbers r and B such that for any ke N we have

max  |D™u(x)| < Br*M(k), (0.1.2)
xeQ, |a| =k
where x = (xy, .., Xy), a=(a,, .., ay) is a multi-index, e Z", |a|=a, +

-+ay, D=(D,,..,Dy), D;=0/0x;, and D*= D% ... D% . Condition
(0.1.1) shows that the class C(M) is closed under multiplication.
Let A be a self-adjoint differential operator of the second order

Au(x)= — IZV: D,(a;(x) Dju(x)) + ago(x) u(x), (0.1.3)

where a;;(x) e C(M) and a,(x) = a;(x). In the case where Q = R", for 4 to
be self—adJ01nt the condition

N

Y v(x)a,(x)=0, j=1,.,N (0.1.4)

i=1

must be satisfied for any x € 022 and normal vector v(x) = (v;(x), ..., Vx(X)).
We also assume that operator 4 is semi-bounded, that is,

(Au, u) = b ||ul? for any function ue C(M). (0.1.5)

Here (-, - ) and |- || are the scalar product and norm in L,(L), and b is a
positive constant that bounds below the spectrum of A.
We note that (as in [3]), 4 may be a degenerate elliptic operator.

0.2. Consider the Cauchy problems for the differential equations

=fo(x), (0.2.1)

Au(x)

2u(x, t)= — Au(x, t) + fo(x t>0
0)
0)

=f1(x), (0.2.2)
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du(x, t)= —A(x, t) + fo(x), >0,
u(x, 0) =f(x).

The functions f;(x) (as well as a,(x)) belong to the class C(M).

In this paper, we construct for each of these problems a sequence of
functions P!(¢, 1), n=1, ..., that are polynomial in 4, such that the solution
u(x, t) of any problem (0.2.1), (0.2.2), and (0.2.3) has the polynomial
approximation

(0.2.3)

u(x, 1) = lim i Pi(A, 1) fi(x), (0.2.4)

n— o .
i=0

where k=0, 2, or 1 for problems (0.2.1), (0.2.2), (0.2.3), respectively.

0.3. For any sequence { M(k)}, we introduce a sequence {a,} by the

formula a, = % M(k).

DermNiTION 0.3.1. The class C(M) is quasianalytical if the sequence
{a,} has the properties

lim a, = oo, (0.3.1)
k— o

1

y —=, (0.3.2)
k=1%k

z 1

Y <. (0.3.3)
k=1%k

We note that {a,} satisfies the conditions in Definition 0.3.1 if and only
if the sequence b, = M(k + 1)/M(k) does.
Following the ideas of [ 3], we introduce the functions

k;‘ a;‘ (0.3.4)
F(2)=1] <1+;>,
n iz 2
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We note that by virtue of (0.3.3) the function F_ (z) is well-defined and is
a uniform limit of the sequence {F,(z)} on compact sets.

We will use in the sequel the properties of the functions (0.3.4), (0.3.5)
listed in the following proposition (see also [3]).

ProrposiTiON 0.3.2. (1) T,(—2z)=T,(z2).
2) S,(—x)=S,(x)and T,(x)=RS,(x).

(

(3) lim,_  argsS,(x)=—nn
(4) lim,, _ argS,(x)=nn
(5) AargS,(x)=—2nn.

(6) T,(x) has 2n real roots.
(7)) F,(x)=1S,(x)I.

(8)

The positive roots of T,(x) are the roots of the equation

2 ) arctan(x/a;) =(2s—1) n/2, where s=1,2, .., n.

i=1

9) T,x)=0<RS,(x) =0<argS,(x) =n2 + kn,k = —n,
—n+1,.,(n=2),(n—1).

(10) If z=ix, xeR, the values of S,(z) and T,(z) are positive real
numbers.

1. THE STATIONARY EQUATION: AN ESTIMATE OF
THE CONVERGENCE RATE

1.0. We consider the Hilbert space H = L,(Q). Let D(A) be the domain
of definition of the operator 4. We denote R,(4, f)=sup{R|f€
D(F_ (R \/Z ))}. In the sequel, we will consider only those '€ C(M) that
satisfy Ry(A4, f)>0.

We define a new norm in D(A) by the formula |[v]|, = | A4v]. It is clear
that |v],=7"2|v|, where r*=b is the number that bounds the spectrum
of A from below.

1.1. Lemma 1.1.1. Suppose 0 < R< Ry (A, ). Then

IF,(R\/A=bI) f| <|F,(R/A—=DbI) f]. (LLI)
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Proof. Using the spectral decomposition of 4 and formula (0.3.4), we
obtain

IEWR/A=BD) £12=[ " IF(R/Z= D) d(E,. 1)

<[ VPR VI=BPdE,S )

=|F,(R/A—0bI) f|*

LemMMA 1.1.2. Let u(x) be the solution of (0.2.1), let 0 < R< R,(A4, f),
and let P, (t) be a polynomial of nth degree. Then

1—tP,(t
lu—P,(4) f],<sup | w

=5 F,, (R/t—b)

Proof. We obtain, by using the spectral decomposition,

IF, (R/A—bI) fl. (1.12)

Ju—P,(A4) f13 = | Au— AP, (A) £ = ||/~ AP, (A) /1
[ =02 dE S )

c (1=tP,(0))

= —— F R —b)d(E
I, Fi+1(R - L (RI=B)A(E ], )
<swp e jw F2,(R/1=b)d(E,, f)
t=b

|1 <>|2 )

1 A—bI

<§I>JIZF+,R\/7 [F i1 (R ) Sl
<sup I FL(R AR 11

r>bF (Rt

We will now look for a polynomial P,(z) such that sup,.,(|1—
(O/F, 1 (R/t—>b)) is minimal. Let us introduce new variables
t-b-{—x and b=r% Then, sup(|l1—tP,()|/F,. (R/t—b))=
sup.-o(|1—(r*+x?) P,(r* + x*)|/F,, 1 (Rx)). Define P,(r*+x*) by the
formula

1—(rP+x%) P,(rP+x%) = (1.1.3)
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We claim that P,(r*+x?) is a polynomial. To prove this, note that
F(x)=1—(T,,(Rx)/T,, (iRr)) is divisible by r?+ x? since F(ir)=
F(—ir)=0. In addition, it follows from (1) in Proposition 0.3.2 that the
function F(x) is even.

Lemma 1.1.3. Let P,(r* +x?) be defined by (1.1.3). Then

1— 2 2 P 2 2 1
sup L=+ P+ X7)| — (1.1.4)
x=0 Fn+1(Rx) Tn+1(er)

Proof. Tt follows from (2) and (7) in Proposition 0.3.2 that for any real
x we have

‘ Tn+ 1 (RX)
Fn+1(Rx)
Therefore
[1—=(r?+x%) P,(r* +x°)] T, 1(Rx) 1
sup = Ssup .
x=0 Fn+](Rx) x=0 Fn+1(Rx) Tn+l(er)
1
<.
Tn+1(iRr)

The same properties (2) and (7) in Proposition 0.3.2 imply that
|T, . (Rx;)/F, . (Rx;)|=1 for all x;eR such that S, . ,(Rx;) is real, ie.,
the supremum in (1.1.4) is attained at the points x,;. By properties (3),
(4), and (5) from the same proposition, the function 7, ,(Rx)/F, . (Rx)
takes alternately the values +1 and —1, at the 2n+1 points x; with
arg S, (Rx;)=kn, as well as at + co. It follows from a Chebyshev-type
theorem [ 10, Chap. 2] that the function

sup |1_ZQ}1(I)|

=6 F,, ((R/t—D)

takes the minimal possible value over all polynomials Q,(¢) of nth degree
in the case where Q,(¢)=P,(1).

Lemmas 1.1.2 and 1.1.3 imply the following estimate for the polynomial
approximation of the solution of Eq. (0.2.1)
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COROLLARY 1.1.4. If P,(t) is the polynomial defined by (1.1.3), then

1
Hu—Pn(A)sz<m IF.(R\/A—DbI) f]. (LL5)

1.2. The following theorem gives an estimate for the polynomials 7, (z).

THEOREM 1.2.1. Let z=x+iy. Then there exist a real constant c, inde-
pendent of x, y, and n, and a function O(y) such that

c e
()=
) {c|y| o<l

and

1T, (x+ip)[ = O(y) IS, (x +iy)| (1+x*)7"

Proof. Since T,(z) is an even function, one can assume without loss of
generality that y>0. The function T7,(z) can be represented as
2)=1/28,(z)(1+ 0,(2)), where 0,,(z) =TT} _, qu(2), 4i(z) = ((ax +iz)/
(a, —iz))®. We now proceed to finding estimates for 1+ Q,(z). We shall
consider several cases.

Case 1. |z| =435 _, a;.
In this case we have |1 + Q,(z)|>1 and

¥

larg 0,,(2)| <2 ), [arg (1 +a,/(iz)) —arg (1 —a,/(iz))|

k=1

(larg (1+a,/(iz))] + |arg (1 —a,/(iz))])

//\
I M:

—_

k

<2 g (n/2||+ 7/2 ||> <n/2.

Here, we used the following elementary

ProrposiTioN 1. If |w| <1, then |arg (1 +w)| < arcsin(|w|) <7w/2 |w|.
Let us estimate |g,(z)|. We have

la,—y+ix|* (a,—p)*+x?
lap+y—ix]> (a+y)*+x°

lqx(2) =

4a, y
(a,+ y)* +x*
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For any k we have |g,(z)| <1, since y=>0, a, >0, and 4ab < (a + b)* for
all a, b. Hence the inequality |Q,(z)| <|q,(z)| holds for any k, and

1+ 0,(2)=21-10,(2)| =1 —1q,(2)]

4a,y 4a, y
z1—{1- 2 2 )= 2, 2
(ar+y) +x (ar+y)+x

1 4a,y
(1+x%) (@ + )*/(1+x7) +x%/(1 +x7))

4a, y 1
14X (a4 y)2+ 1

(1.2.1)

The last inequality follows from the evident inequalities (a,+ y)?/
(1 +x?)<(ap+ y)*and x?*/(1 +x*) < 1.

Case 2. 0<y<l.
Inequality (1.2.1) implies that

)y da,
(14+x%) (@ +y)*+1

1+0,(2) = =

Y
(1+x?)°
where ¢, =max, (4a, /(a, + y)*>+1). In particular, ¢, >4a,/(a,)*+ 1.

Case 3. 1<y<a,.
There exists a number k with @, | < y <a,. Then

y 4a, 1 daia; 4
1+0,(2) = -
1+ 0,(2)] (14+x%) (a,+9)*+17 (14+x?) (2a,)*+1
- 1
=C b
2(1+x2)

where ¢, =min, (4a,a, ,/(2a,)*>+1)=0.
Case 4. 1<a,<y<2a,.
Taking k=nin (1.2.1), we get
y 4a, 1 4a?

n

=
(T+x7) (@, +p7+1° (1+x7) 2 +1

1+ 0,(z)| =

1

>04—.
(1+x?)
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Case 5. 1<2a,<y<4>)_,a..
Since a, <a,, a,/y <0.5. We also have x/y <x, since y > 1. Therefore

da, y 4a, [y
= = ) o T @ ) ()
da, [y
/4 + x>

Let us now estimate In |Q,,(z)|.

In[Q,(s)] ]_[ =) Inlg.(2)]
= k=1
- da; [y > - < da [y >
< — < —
\,Ell (1 9/4 +x2) " § 9/4 + x?
4y |
< - - 122
94+ x> = S Tt (1.2.2)

For estimating In(1 — ((4a,/y)/(9/4 + x?))) we used the well-known

ProposITION 2. In(l—a)< —a for 0<a< 1.

It is clear that o= (4a,/y)/(9/4+ x*)<2/(9/4 + x*) < 1. The condition
y=237%_,a, was employed in the last inequality. It follows from (1.2.2)
that

1+ 0,(2)>1-10,(z)|=1—exp {In |Q,(2)]}

1

We will now use the inequality following

ProprosiTiON 3. 1 —exp(—a)=(1/e) o for 0<a<1.

This proposition and (1.2.3) imply that

1 1
1 1— — =1
140,20 1 —exp 9/4+x2> e

>4 e 1+ x?

This ends the proof of Theorem 1.2.1.
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We denote [T}_,, (1—(iz/a))* by S7(2).
It is clear that S,(z)=S"(z) S,,_(z). For every m there exists a con-
stant ¢ such that

1S, 1(2)] Ze(1+x2)" "
This yields

ProrosITION 1.2.2.  Under the hypotheses of Theorem 1.2.1 we have

| T, (x+iy)| =0(y) |S™(x+iy)| (1+x7)" "2

COROLLARY 1.2.3.  The polynomials P, (1) defined by (1.1.3) satisfy the
estimate

1

lu(x) =P, (A4) f(x), <%= O(Rr) |S,(iRr)| (er)I

I/ (R/A—=DI) f1.
1.3. We give an estimate for the functions |S,(iRr)|.

Lemma 1.3.1. For any sequence {a,} satisfying (0.3.1)-(0.3.3) there
exists a constant ¢ such that

|S,(iRr)| = c exp <2Rr > l/ak>.

k=1

Proof. We will use the fact that In(1+x)>x—x%?2 for 0 <x<1. By
virtue of (0.3.1), @, » o as k— oo. Therefore, for some n,, we have
Rr/a, <1 for n>n,. In addition, 3;°_, 1/a; < oo by (0.3.3). Then

fL0G) ]2 E (1)

k=1 ax

2y ln<1+Rr>+2 5 1n<1+R>
Ay

In |8, (iRr)| =In

k=1 aj =n,
I Rr " (Rr R*?
>2 m( >+2 < >
kgl ay »g,, Ay 2ak

2522 2 )

—R Y (ad) + i R—

k=ng 1
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>2§11n<1+ak> 22( >

o0 n R
R Y (a2 +2 Y —
k=n, k=1 %
=c,+2Rr ) —
Pty
Here,
}’lo R Vl o0
(=23 ln< r> Z < > R¥* Y (1/a?).
k=1 Ay = k=1
Hence

|S,(iRr)| =exp{In |S,(iRr)|} =exp {cl +2Rr Y l/ak}

k=1

= c exp {2Rr i 1/ak}.

k=1

The following estimate can be obtained in a similar way.

ProrosiTioN 1.3.2. |S,(iRr)| = cexp(2Rr X} _,, 1/ay).
Lemma 1.3.1 and Corollary 1.2.3 imply

THEOREM 1.3.3. Let 0<R<Ry(A, f) and let P,(L) be defined by
(1.1.3). Then

lu(x) = P, (4) f(x)] <c(R. r) exp {—2Rr » l/ak} \F, (R JA=bI) f].

k=1

1.4. Let us consider the following examples.

1.4.1. Let C(M) be the class of analytic functions (see [3]). Then
M(k) =k*, and a, =k The sequence {a,} satisfies all properties
(0.3.1)-(0.3.3), and X7 _, 1/k =1In(n) + y + f(n)/n, where y is the Euler con-
stant and 0 < f(n) < 1. Theorem 1.3.2 gives us the following estimate of the
convergence rate of the polynomial approximations P,(A4) f(x) to the solu-
tion of (0.2.1):

lu(x) — P, (A) ()| < (R, r)n= " |[F.(R/A—=DbI) f].

Here F_ (z)=T17_, (1 +z?/k?) =sinh(nz)/nz.
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1.4.2. Let C(M) be the Denjoy quasianalytical class. This means that

Mk)=(k -Ink -Inlnk- --- -In ---In k).
“— )

~
s factors

The sequence {a,} may be chosen by the formula a,=k-Ink-
(Inlnk)-----(In ---Ink). Properties (0.3.1)-(0.3.3) hold, and for

v_11l/ay=Inln ---Ink+ f(n) exist constants ¢; and ¢, such that
¢; < f(n)<c,. Theorem 1.3.2 yields the following estimate of the con-
vergence rate of the polynomial approximation P, (A) f(x) to the solution
of (0.2.1):

lu(x) = P,,(4) f(x)[ <c(R,r)(Inln ---In(n)) 7> | F., (R /A =0bI) f].

1.43. Let C(M) be the quasianalytical class defined by the sequence
M(k) = (k In" k)*, where 0 <v < 1. Choose the sequence a, =k In" k.
Properties (0.3.1)-(0.3.3) hold, and for 37 _, 1/a,=1/(1—v)In' ~"(n) + f(n),
there exist constants ¢, and ¢, such that ¢, < f(n) <c¢,. Theorem 1.3.2
yields the following estimate of the convergence rate of the polynomial
approximation P,(A4) f(x) to the solution of (0.2.1):

2Rr

()= PUA) f(2)] < (R, ) xp { = 2 In' () [ IF.. (R /A=B1) 11,

2. THE HYPERBOLIC EQUATION: AN ESTIMATE OF
THE CONVERGENCE RATE

2.0. In this section the hyperbolic equation (0.2.2) is studied. The solu-
tion of (0.2.2) is given by the formula

u(x, 1)=Go(1, A) fo(x)+ G (1, 4) f1(x)+G,(1, 4) fr(x), (2.0.1)
where

Go(t, 1) = L=V 2) C"j“ﬂ)),

G, (1, 1) =cos(1/2), (2.0.2)

G, (1, 2) =Sm(1f*)ﬂ).
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We introduce new variables
A=1z2, H,(t,z)=G(t, z%). (2.0.3)

We denote J,={zeC||3z| <f}.

DerFmNiTION 2.0.1.  For any ¢ >0 let

Uy () ={f(2) €O p) |1 f(x+iy)| <c(1+|x]),
z=x+iye,)

be the class of analytic functions in J; whose rate of the growth does not
exceed the gth degree of x =R(z).

We denote %(J5) =0 %,(J ).

The functions H,(t,z) belong to the class %,(J;) for a fixed ¢ and
are even in z. Let us construct a sequence {P’(¢,z)} of even poly-
nomials P’ (¢,z), n=1,2,.., of degree 2n—2 such that the sequence

2, Pit, ﬂ ) f:(x) converges to u(x, t) in the norm of the space H. For
any i, define P!(z, z) as the interpolation polynomial of H,(¢, z) that takes
the same values as H;(¢,z) at the zeros of T,(z). Since the functions
H,(t,z) and T,(z) are even in z, the polynomial P!(z, z) is even in z.

2.1. The following two propositions hold for any function H(z) € %, (J ).

21.1. The Hermite formula [7]. Let P,(z) be the interpolation
polynomial of the function H(z) constructed on the basis of the zeros of
T,(z), that is, taking the values of H(z) at ze {z;| T,(z;) =0, i=1, ..., 2n}.
Then

v H() d
H(Z)—PH(Z)—27Z T,(2) L T [ (2.1.1)

where the contour y bounds the zeros of T,(z) and the point z. We take
as y the two lines parallel to the x axis (that contains the zeros of the func-
tion 7,(z)).

2.1.2. Spectral decomposition formula. Any function H(z) in %,(J )
satisfies the spectral decomposition formula

[H(A) 17 = [ 1 H@I d(E, £, f). (2.12)

b

where as earlier, 4 is a self-adjoint semi-bounded operator, b bounds the
spectrum of A from below, and fe D(A4).



WEIGHTED POLYNOMIAL APPROXIMATIONS 471

2.2. We now present the main result of this section.

THEOREM 2.2.1. Let u(x,t) be the solution of (0.2.2), where A is a
self-adjoint semi-bounded operator with coefficients from the class C(M), and
let fi(x) belong to C(M). Let P!(t,z), n=1,2, .., be the interpolation poly-
nomials of the functions H(t, z) defined by (2.0.2) and (2.0.3) that take the
same values as the functions H,(t, z) at the zeros of the polynomials T,(z).
The class C(M) is defined by the sequence {a,}, where neN; the sequence
{a,} is defined by a monotonously increasing function a(x) (that is,
a,=a(n)) having the following properties:

(1) x/a(x) is a monotonous non-increasing function,
(2) x/exp {(#/2R)(a(x)/x)} is an increasing function that tends to
infinity as x — oo.

Let f,(x)e D(F_ (R ﬂ))for all i. Then there exist positive constants ¢, and
¢, such that

= X Pt /4) fi(x)

< 2 n
S ¢ CXp { — 6 exp((t/2R)(an/n))}.

The constant c, is close to 1.

Remark. The classes of quasianalytic functions determined by the
hypotheses of the theorem are non-void: these hypotheses are satisfied by
the classes described in Examples 1.4.1 and 1.4.3.

Proof. 1Tt follows from (2.0.1) and (2.1.2) that

2

u(x, 1) — zP'(szu

=0

=Y Gt 4) fi(x)— Z Pi(t,/A4) fi(x)
i=0

i=0

|H (1, JA) f(x) = Pi(t,/4) f,(x)]?

2

1

=Y [ D= Py SDRAEL D 221)

N
N} J‘:MN

Since all H,(¢, z) belong to the same class %,(J;), we may consider one
summand only. Denote H,(¢,z) by H(t, z), P, (¢, z) by P,(t,z), fi(x) by
f(x), respectively. Then
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| 1HG /2 = Pyt SR d(E . 1)
= |H(t /D) = Pyt /DI
= )\4 d 1)
I, F;(Rﬁ F2 (R /1) d(E.f. /)

< max A, ﬂ) —
i>b F? (Rﬁ

\H(t, \/7) — P, (1, /7| )
1257( F2 (R ﬁ) 17 (R f X))~ (2.2.2)

One can deduce from (2.2.1) and (2.2.2) that

Yals [ERVNAY NS

<Clmxmm )= Py(t, /2]

Pl
z t\/A) fi(x)| < ¢, max RS

(2.2.3)

where ¢, =3¢ ||F,. (R \/4) f(x)
To estimate max, -, (|H(¢, ﬂ)—Pn(t, ﬂ)|/FOO(R ﬂ), we will sub-
stitute 4 for z? and apply formula (2.1.1) to the polynomial T, (Rz). Then

|H(z,2) = P, (1, 2)]

1
<—|T,(R
- IT(R2)|

f H(,{) dl
6J/3

T,(RO) {—=
sl (a4
<7 I Tn(R2)] s geuagﬁ T((t}fé))‘ Lw,:sc:—ﬂ Ciz_é”lrz’ .
Using (2.1.3), (2.1.4), and (0.3.5), we finally obtain
- Z Pt )] <c sup TR ™ 7
<o lmi 02

Let us now estimate SUP; ey, |H(t, {)/T,(R()| for various values of f. Let
us find miny SUP; oy, |H(t, )/ T,(RL)|.



WEIGHTED POLYNOMIAL APPROXIMATIONS 473
LEMMA 2.2.2. Under the hypotheses of Theorem 2.2.1,

H(Z’C)’<c exp{—Zc ! }
T,(RO)| *exp((1/2R)(a,/n)) |’

min sup
y (=x+iy

Proof. For all functions H,(z,z) the estimate |H;(¢, z)| <c,exp(ty),
y =3z, holds. Moreover, Theorem 1.2.1 implies that

I T,(x+iy)| = 60(y) [Sy(x +iy)| (1 4+x%)" 72,

where
¢ it |yl=1,
@(y)—{ :
clyl if yl<l
Hence
min  sup H, C)‘<cminsup expl1y)
voocmxtri | T(RO| T 57 75 () [ST(Rx +iRy)| (1+x%)m=2"

By substituting in the last inequality Rx and Ry for x and y, respectively,
and 27 for t/R, we get

min sup
y=1 {=x+iy

< ¢; min sup exp {2ty —In(|S?(x +iy)|)}

y=R x

H(t, C)‘
T,(RC)

=c; exp {min sup <2‘[y—2 Y In ‘ 1 +M
y X

Ay

)

<csexp {mn}l <21y 2 Z ln<l + >>} (2.2.5)
ry= k=m aj

We now estimate 7y —> 7 _, In(1 + y/a,) using the Euler-Maclaurin for-
mula (see [6]):

n y n y
— In{1 =tyv—| In{1+—)d
v n< +ak> -], “( +a<<)> ¢

+1<ln <1 +y>—1n <1 +y>>+0(1)-
2 a, am

By integrating the last equality by parts and using the fact that x/a(x) is
a non-increasing function (so that x/a(x) > n/a, for x <n) we have, further
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, n Jd(
ty—AIn(1 + yla(2)) ﬁiﬁryf a(i)yi(a()ﬂv)

(lnl+y/a )y—1In(1 + y/a,,)) + O(1)

NS} \

<ty—nln(l+ y/a,)+mlIn(1l +m/a,,) — nryj_(:()i)

+é (In(1 + y/a,) —In(1 + y/a,,)) + O(1)

A=n

<ty —nln(1+ y/a,)+mIn(1 +y/am)—ya£1n(y+a(i))

n A=m

%(ln(l + y/a,) —In(1 + y/a,,)) + O(1)

<ry—<n—;> In(1+ y/a,) + <m—;> In(1+ y/a,,)

y+a
— 71 +cy.
Yo <y+ > ¢

Denoting the last expression by /( y), we obtain that

min {ry— Y In(1+ y/a,) }Smin I(y).
y=R =m y=R
For any function min, o f(x) < f(x,) for x, €, let us take y= yy(n) =
(a,—a,,exp(za,/n))/exp(ta,/n) —1. By condition (2) of Theorem 2.2.1,
Yo(n) — oo as n — oo. Therefore, beginning with some n, we have y,(n) > R.

Hence

min {ry— » ln(1+y/ak>}<1<yo<n>>.

y=R k=m

By substituting y,(n) into I( y) and simplifying it, we get

1 —1/2)In(1

The following lemma is obvious.
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LeEMMA 2.2.3.  Under the hypotheses of Theorem 2.2.1, we have
(1) lim, . ((m—1/2) In(1 + yo(n)/a,)/nIn(l+ ye(n)/a,)) =0,
(2) lim, , , (In(1 + yo(n)/a,)/exp( —za,/n))=1.
Lemma 2.2.3 implies that there exists a constant c¢,, sufficiently close to

1, such that for all n large enough we have

min I( y) < —2¢c,n exp( —a,/n). (2.2.6)

y=R

By substituting (2.2.6) into (2.2.5) and taking into account all the changes
of variables, we finally obtain that

u(x, )= Y, Pi(t.\/4) f(x)

n
Sy exp { 2 exp((l/zR)(“n/n))}'

The theorem is proved.

3. THE PARABOLIC EQUATION: AN ESTIMATE OF
THE CONVERGENCE RATE

3.0. In this section the hyperbolic equation (0.2.3) is studied. The solu-
tion of (0.2.3) is given by the formula

u(x, 1) = Go(t, A) folx) +Gy(1, A) fi(x), (3.0.1)
where
(1 —exp(—14))
2 ’ (3.0.2)
G, (t, 1) =exp(—tA).

Golt, )=

3.1. We shall assume throughout this section that the notation and the
changes of variables introduced in Section 2 are in force.

3.2. We now present the main result of this section.

THEOREM 3.2.1. Let u(x,t) be the solution of (0.2.3), where A is a
self-adjoint semi-bounded operator with coefficients from the class C(M), and
let fi(x) belong to C(M). Let Pi(t,z), n=1,2, .., be the interpolation poly-
nomials of the functions H,(t, z) defined by (3.0.2) and (2.0.3) that take the
same values as the functions H,(t, z) at the zeros of the polynomials T,(z).
The class C(M) is defined by the sequence {a,}, where neN; the sequence



476 ALEXANDER G. KULAKOV

{a,} is defined by a monotonous increasing function a(x) (that is, a, = a(n))
having the following properties:

(1) x/a(x) is a monotonous non-increasing function,

(2) (xIna(x))/a(x) is an increasing function that tends to infinity as
X > o0.

Let f;(x)e D(F (R \/Z))for all i. Then there exist positive constants ¢, and
¢, such that
{ c, R? <n In an>2}
<c expy — —_— .
t a,

Proof. As in the proof of Theorem 2.2.1, it follows from (2.1.1), (2.1.2),
(3.0.1), and (3.0.2) that

ZP(tff(x)

The constant ¢, is close to 1.

! HLO| T, (RY)
= L P A S0 <€ sup (o e | s
Az, C)‘ 32.1
SO T RO| 32D

LeEmMmA 3.2.2.  Under the hypotheses of Theorem 3.2.1,

H(Z,C)‘ . X{ 02R2<nlnan>2}
T (RC)| S P : \a ‘

n

min sup
y {=x+iy

Proof. For all functions H,(t,z) the estimate |H,(t,z)| <c,exp(tp?),
y =3z, holds. Moreover, Theorem 1.2.1 implies that

I T,(x+ip)[ =2 60(») [S3(x+iy)] (14+x7)"72

where
( )_{c if |y|>=1,
clyl it [yl<L
Hence
min sup Hs, é)‘<cmin sup exp(Ly”)
y {=x+iy Tn(RC) = y X @(y) |S;”(Rx+lRy)| (1 +x2)’"72'
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By substituting Rx and Ry for x and y, respectively, and 27 for ¢/(R?), we
get

min sup
y=1<{=x+iy

<c; min Sup exp {ry> —In(|S7(x +iy)])}

y=R

Hit, C)‘

T,(R{)

lJrlylfix
ay

=, exp {min sup <ry2 -2 % In
» x

)

<esexp {fljr;2<;y2— 5 ln<1+ci>>}. (3.2.2)
= k=m <

Now estimate (7/2) y*—>7_, In(1+ y/a,). By integrating the last equality
by parts and using the fact that x/a(x) is a non-increasing function (so that
x/a(x) =n/a, for x <n), we have

2y —kg ln<1+ k>
T [ v 1 PAN R
=3y L1ln<1+a(é)>dé+2<ln<1+an> ln<1+am>>+0(l)
Ty 2N A d@)
—27 “n<”a<z>>im yfmau)ywu)
+1<ln<1+y>—ln<1+y>>+0(1)
2 a, a,,
n fﬂ a'(l)

2y 2—nlin(l+ y/a,) +mIn(1 + m/a,,) v

n m)h+a()
+1<ln <l+y>—ln<l+ J >>+0(1)
2 an arn

y 2—nin(1+ y/a,)+mIn(1 + y/a,,) yalln()wl—a(/l))

n

A=n

<3
!
+<ln <1 +y>—ln <1 +y>>+0(1)
2 a, a,,
<L 2—<n—1> In <1 +y>+<m—l> In <1 +y>
S7 2 a, 2 a,

A=m
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Denoting the last expression by I( y), we obtain that
min{ y:— Z In(1 +y/ak)}<min I(y).

y=R k=m y=R

Let us take y= y,(n)=(1/7)(n1n a, /a,). By condition (2) of Theorem 3.2.1,
y1(n) > oo as n — oo. Therefore, beginning with some n, we have y,(n) > R.
Hence

min {; Y=Y In(l+ y/ak)}<l(yl(n)). (3.2.3)
k=m

y=R
By substituting y,(n) into /( y) and simplifying it, we get

nlnan>2<1 In(1+y,/a,) In(y,+a,)

a Ina, Ina,

i = =5 (

n

2t1(n—1/2) In(1 + y,/a,) 2t(m—1/2)In(1+ y,/a,,)
(nn a,/a,)® (nIna,/a,)’ >+C“‘

LeEMMA 3.2.3.  Under the hypotheses of Theorem 3.2.1, we have

(1) lim, (ln(1+y1/an)/1na )=0,

(2) lim,_  (In(y,+a,)/Ina,)=0,

(3) lim, ., (2t(n— 1/2) In(1+ y,/a,)/(nn a,/a,)®)=0,
(4) lim,_ . (2t(m—1/2)In(1+ y,/a,)/(nln a,/a,)*)=0.

Lemma 3.2.3 implies that there exists a constant ¢,, sufficiently close to
1, such that for all n large enough we have

l 2
min I(y,(n)) < —2 (”n“> Yo, (3.2.4)

y=R 27 a

n

By substituting (3.2.4) into (3.2.3) and taking into account all the changes

of variables, we finally obtain that
{ ¢, R? <n In a,,)z}
<c expy — E— .
t a,

1
— X Pi(t,/4) fi(x)
i=0
The theorem is proved.

Using the approximation theory by S. N. Bernstein, on the basis of
the convergence rate of polynomial approximations one can determine
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the smoothness class of the solution u(x) (see also [3]). With respect to
Eqgs. (0.2.1)—(0.2.3) with quasianalytical coefficients, this will be studied in
our paper to follow.
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